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We study theoretically the zero temperature phase transition in two dimensions from a Fermi 
liquid to a paramagnetic Mott insulator with a spinon Fermi surface. We show that the approach 
to the bandwidth controlled Mott transition from the metallic side is accompanied by a vanishing 
quasiparticle residue and a diverging effective mass. The Landau parameters Fg,F® also diverge. 
Right at the quantum critical point there is a sharply denned 'critical Fermi surface' but no Landau 
quasiparticle. The critical point has a Tln^ specific heat and a non-zero T = resistivity. We 
predict an interesting universal resistivity jump in the residual resistivity at the critical point as the 
transition is approached from the metallic side. The crossovers out of the critical region are also 
studied. Remarkably the initial crossover out of criticality on the metallic side is to a Marginal 
Fermi Liquid metal. At much lower temperatures there is a further crossover into the Landau Fermi 
liquid. The ratio of the two crossover scales vanishes on approaching the critical point. Similar 
phenomena are found in the insulating side. The filling controlled Mott transition is also studied. 
Implications for experiments on the layered triangular lattice organic material k— {ET)2Cu2(C N)% 
are discussed. 

PACS numbers: 



I. INTRODUCTION 



Despite several decades of work the Mott transition 
between a metal and an insulator in two or three dimen- 
sional systems remains poorly understood^. The nature 
of the transition quite possibly depends on the structure 
of the insulating state that obtains in the vicinity of the 
metal-insulator transition. The most familiar example 
of a Mott insulator is one that has magnetic long range 
order but it has long been known that other forms of or- 
der (like spin-Peierls) are possible as well. An exciting 
possibility is a Mott insulator with no conventional order 
that does not break any symmetries^. Such states (pop- 
ularly called quantum spin liquids) are now known to be 
theoretically possible^i^. Recent experiments find en- 
couraging evidence for the existence of spin liquid states 
in a few different systems^^. 

In a number of materials the Mott transition is (at 
T = 0) first order—. In several systems however strong 
fluctuation effects attributable to the impending local- 
ization are seen in metals that are close to the Mott 
transition 1 . An important and interesting question is 
whether second order Mott transitions are at all possi- 
ble. Recent experiments on the two dimensional organic 
material K — (ET^CuziC N)% provide tantalizing hints 
that such a second order Mott transition may actually 
be possible. At ambient pressure this is a Mott insula- 
tor which does not have magnetic long range order down 
to the lowest temperatures (much smaller than the spin 
exchange energy)^. Remarkably the spin susceptibility 
is a non-zero constant at low temperature and the spe- 
cific heat is linear exactly as in a metal^. Thus the Mott 
insulator retains some of the characteristics of a fermi 
liquid metal. These results have been interprete d 10 ' 11 as 
evidence for a quantum spin liquid with gapless neutral 
fermionic spin-1/2 spinon excitations. Theoretically such 
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FIG. I: Possible schematic zero temperature phase diagram 
for a half-filled single band repulsive Hubbard model on a 
non-bipartite lattice. U is the Hubbard interaction strength 
and t is the hopping amplitude. 



spin liquid behavior may be expected if there is consider- 
able amount of virtual charge fluctuations. This may be 
roughly modeled as a large multiple ring exchange term 
in a spin model. Such ring exchange terms are known 
to promote spin liquid behavior—. In experiments op- 
tical transport shows that there is substantial conduc- 
tion down to reasonably low frequency somewhat below 
the charge gap 12 . Under pressure a Mott transition to a 
metal is observed^. All of these suggest that the ambient 
pressure insulator is close to being a metal. Thus per- 
haps the Mott transition in this material is a continuous 
one. 

Theoretically K ~ (ET) 2 Cu 2 (CN) 3 is believed to be 
described by a one band Hubbard model on an isotropic 
triangular lattice. In an important development the Mott 
transition at fixed filling on such lattices was studied by 
Florens and Georges^ within an approximate slave par- 
ticle mean field treatment of the Hubbard model. In this 
mean field calculation the Mott transition is second or- 
der. As it is approached from the Fermi liquid side the 
quasiparticle residue vanishes but the effective mass stays 
constant. 

In this paper we will go beyond this mean field cal- 
culation by including fluctuations. Deep in the insulat- 
ing side fluctuation effects are well understood, and a 
gapless spin liquid with a spinon fermi surface and asso- 
ciated gauge fields obtains. Indeed this state has been 
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FIG. 2: Evolution of the extrapolated T — conductivity 
across the Mott transition. The conductivity a jumps twice - 
once from its value cr m in the metal to its value a c at the crit- 
ical point, and then again to zero on moving to the insulating 
phase. Neither of the jumps are universal. However the jump 
in the in-plane sheet resistivity p on going from the metal to 
the Mott critical point is a universal constant 5£ with R of 
order 1. 



propose d 10 ' 11 to describe the Mott insulating phase of 
k—(ET)2Cu2(CN) 3 . Here we consider the vicinity of the 
Mott transition itself with a focus on the approach from 
the metal. We show that the quasiparticle effective mass 
of the metal diverges at this Mott transition once fluctua- 
tion effects are included. Despite this diverging mass the 
electronic compressibility vanishes, and the spin suscep- 
tibility stays constant. This signals the divergence of the 
Landau parameters F® a . We calculate various physical 
quantities right at the quantum critical point associated 
with this Mott transition. In particular the specific heat 
is shown to behave as Tln(l/T). The resistivity is shown 
to be a constant which is non-universal. However as the 
transition is approached from either the metal or insula- 
tor the residual resistivity jumps. On approaching from 
the metal this resistivity jump is a universal number of 
order h/e 2 . (See Fig. [2|. This prediction can possibly 
be checked in future experiments. 

In a recent paper— we argued that at a continuous 
Mott transition the Fermi surface will remain sharply 
defined even though the Landau quasiparticle does not 
survive. We demonstrated this within the mean field 
treatment of Ref. [lj by a direct calculation of the elec- 
tron spectral function. Here we include fluctuation effects 
and show that the sharp critical Fermi surface continues 
to exist. Further we explicitly show that the electron 
spectral function AJK,to) at criticality obeys the scal- 
ing ansatz of Ref. [l5| with the exponents z — 1 + and 
a = —r\ (where n is the anamolous exponent of the bo- 
son field at the 3D XY fixed point). The exponent value 



1 + means that expressions like U' should be replaced by 
tain—. Specifically we show that 



A c (K,uj) ~ ~r-\F 
in— 



toln^ 

VFoh 



(1) 



right at the Mott transition. Here fey is the deviation of 
K from the Fermi momentum along a direction parallel 
to the normal to the critical Fermi surface at the point 
of closest approach. Thus the Mott transition studied in 
this paper provides a concrete example of a critical Fermi 
surface. 

We also study the crossover out of the critical region 
into either the Fermi liquid or the spin liquid Mott in- 
sulator. Remarkably we find that on the metallic side 
the initial crossover is not to a Landau Fermi liquid but 
rather to a marginal Fermi liquid metal 16 (see Fig. [3]). 
As the tuning parameter g moves away from its critical 
value g c into the metallic side, this happens at an energy 
scale 



\g-9cV 



(2) 



with v k, 0.67 a universal exponent (equal in fact to the 
correlation exponent of the 3D XY model) . The marginal 
Fermi liquid metal crosses over to a Landau Fermi liquid 
at a much lower energy scale 



\9 - 9c 
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(3) 



The ratio T** /T* thus vanishes on approaching the crit- 
ical point. Similar phenomena happen in the insulating 
side as well. The initial crossover (at energy scale T*) out 
of the quantum critical point is to a marginal spinon liq- 
uid insulator. In this insulator the spinons have a sharp 
fermi surface and a scattering rate proportional to the en- 
ergy. The specific heat is Tln^. This eventually crosses 
over to the spinon non-fermi liquid state of Refs. [Tolflll 
at the much lower scale T**. 

The presence of these two scales means that a uni- 
versal scaling function for the initial crossover out of 
criticality will only describe the marginal Fermi liquid 
state. The low energy physics of the Fermi liquid is not 
part of this scaling and is obtained only on including 
the second crossover at T**. Thus the scaling hypothe- 
ses of Ref. UH is not expected to directly describe the 
approach to criticality at this particular transition. We 
show that this is indeed the case. Similar phenomena are 
well known in other simpler classical and quantum phase 
transitions with "dangerously irrelevant" perturbations. 
In such cases as in the present problem the usual scal- 
ing only describes the initial crossover, and needs to be 
modified to handle the second one. 

Our theory for this Mott transition is formulated in 
terms of a charge-0 spin- 1/2 fermionic spinon field f a , 
a charge-e spin-0 boson field b, and an associated U(l) 
gauge field. We argue that at low energies near the crit- 
ical point the boson field is dynamically decoupled from 
the spinon-gauge system. Further the critical properties 
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FIG. 3: Schematic phase diagram showing finite temperature 
crossovers near the Mott transition studied in this paper. The 
black dotted lines represent the crossover scale T* and the red 
dotted lines the crossover at T**. The quantum critical metal 
at T = has a sharp critical Fermi surface. The electron spec- 
tral function at the Fermi surface sharpens into the marginal 
Fermi liquid form on cooling through T* . It eventually ac- 
quires the usual Landau quasiparticle peak only below the 
much lower scale T**. The Mott insulating ground state is 
a spin liquid with a spinon Fermi surface. A different spin 
liquid which also has a spinon Fermi surface appears in the 
intermediate temperature regime in the insulator. The criti- 
cal Fermi surface evolves into the spinon Fermi surface in the 
insulator. 



Z and the inverse effective mass vanish as the transition 
is approached from the metal. The Landau parameters 
Fg a also diverge. In addition the crossover on the metal- 
lic side is again characterized by two scales. The marginal 
Fermi liquid regime of Fig. [3] is replaced by a non-fermi 
liquid metal which evolves into the Landau Fermi liquid 
at the lowest energies. 



We also note an earlier study-i£ of the Mott transition 
in a half-filled Hubbard model on the two dimensional 
honeycomb lattice to a spin liquid phase. As is well 
known the conducting phase on this lattice consists of 
Dirac points and not a full Fermi surface. The spin liq- 
uid phase considered in that work also inherits this Dirac 
structure. This is a big difference from the Fermi surface 
case studied in this paper, and leads to very different re- 
sults. Another recent study^ discussed the evolution of 
gapped spin liquid insulators into the usual Fermi liquid 
on a triangular lattice and suggested that this proceeds 
through various exotic lattice symmetry broken states. 
In this paper we instead focus on the transition to the 
gapless spin liquid state from the metal. 



of this boson are controlled by the usual 31? XY fixed 
point. The spinons and the gauge fields on the other hand 
form a strongly coupled system. Remarkably in the pres- 
ence of the critical boson field the mathematical structure 
of this strongly coupled system is identical to that arising 
in the Halperin-Lee-Read composite fermi liquid stated 
that describes the half-filled Landau level. Specifically 
our problem maps on the case with ^ Coulomb interac- 
tions studied in Ref. We can thus make use of the 
existing understanding of this state to calculate critical 
properties of the Mott transition in detail. 

We can now explain the origin of the two scales T* and 
T** that appear on moving away from criticality. The 
former is when the boson field crosses over from critical- 
ity into either a condensed or insulating phase. However 
the decoupling between the bosons and the spinon-gauge 
system continues beyond this scale. It is only at the 
lower scale T** that the change in the boson dynamics 
from the critical point is felt by the spinon-gauge sys- 
tem. Loosely speaking we may say that the coupling 
between the bosons and the spinon-gauge system plays 
the role of a dangerously irrelevant perturbation at the 
critical fixed point. However at present we do not have a 
suitable rcnormalization group formulation to make this 
more precise. 

We also briefly study the filling controlled Mott transi- 
tion (i.e tuned by a chemical potential) to the same spin 
liquid Mott insulator. Several properties of this tran- 
sition have already been studied in prior work on the 
related Kondo breakdown model 1 -. We show that both 



The rest of the paper is organized as follows. We begin 
in Section [H] by defining the model and the slave rotor 
field theory that we employ to study the Mott transition. 
We then analyse the field theory at the T — Mott tran- 
sition and show that it could stay second order beyond 
mean field. We argue that the gauge field does not af- 
fect the critical properties of the bosons, and determine 
the structure of the strongly coupled spinon-gauge sec- 
tor system. Next in Section IIIII we study the approach 
to the Mott transition at T = from the Fermi liquid 
side. Critical singularities of several properties are de- 
termined. Next in Section ITVl we briefly study the singu- 
larities in thermodynamic quantities at the critical point 
itself. We then turn to transport properties in Section 
IVl demonstrating in particular the universal resistivity 
jump discussed above. In Section [VI] we show that the 
ground state at the critical point is characterized by a 
sharp Fermi surface but no Landau quasiparticle. Next 
in Section fVTII wc briefly discuss the approach to the Mott 
transition at T = from the insulating side. The struc- 
ture of the full crossover from the critical point to ei- 
ther phase is considered next in Section I Villi Here we 
show the existence of two energy scales characterizing the 
crossover, and demonstrate the emergence of marginal 
fermi liquids. The filling controlled transition is briefly 
studied in Section IIXI Possible implications for experi- 
ments particularly in k— (ET) 2 Cu2(CN) 3 are discussed 
in Section[X] Wc conclude with a brief discussion of some 
theoretical issues. Two appendices provide some details 
of the calculation of the spinon self energy and the elec- 
tron vertex. 
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II. MODEL AND FIELD THEORY 

We consider a one band Hubbard model at half-filling 
on a non-bipartite lattice such as the triangular lattice: 

H = -t (4<V + h.c) +Uj2(n r - l) 2 (4) 

<rr'> r 

where c r destroys a spinful electron at site r of a trian- 
gular lattice. n r = c\c r is the electron number at site 
r. U > is an on-cite repulsion. For large g = t/U the 
ground state is a stable Fermi liquid metal. For small 
t/U a Mott insulator results. Clearly there needs to be a 
Mott metal insulator transition at some critical value of 
9c = (t/U) r 

In application to electronic materials like k — 
(ET)2Cv,2(CN)3, it is important to include the long 
range part of the Coulomb interaction. The Hubbard 
model can also possibly be realized in cold fermionic 
atoms in a periodic optical lattice in which case there 
is no long range Coulomb interaction. We begin by 
first studying the Mott transition in the absence of the 
Coulomb interaction. At the end of the paper we discuss 
the necessary modifications if such Coulomb interaction 
is present. 

The Mott transition and the spin liquid phase are con- 
veniently discussed using the slave rotor representation 
of Ref. Q. We write 

Cra — ^' fra (5) 

with e** r = b r a spin-0 charge-e boson, and f ra a spin- 
1 /2 charge-0 fermionic spinon. We start with a mean field 
description in which the spinons are non-interacting and 
form a Fermi surface. If the boson b r is condensed ((b r ) ^ 
0) the result is the Fermi liquid phase of the electrons. 
If the boson is gapped (and hence uncondensed) a spin 
liquid Mott insulator with a spinon Fermi surface results. 
The phase transition at g c between the two phases is 
driven by the condensation of the boson b r . A low energy 
effective theoryii for the transition is given by the action 

S = Si, + Sf + S a + Sbf (6) 

S b = J d 2 xdT\(d^ia^)b\ 2 + V(\b\ 2 ) (7) 

Sf = I f(d T -v f +ia )f+ [ f\J Us hjS) 

Jx,t J k,UJ 

S a = I ~2 {t^xdvaxf (9) 

The a M is a U(l) gauge field that appears due to the 
redundancy introduced by the slave rotor representation 
of the electron operators. The potential V (\b\ 2 ) may 
simply be taken to be of the usual form r\b\ 2 + u|&| 4 . 
e* is the mean field spinon dispersion. The last term 
Sbf represents residual short range interactions between 
the bosons and fermions. Potentially the most important 
of these is a coupling between \b\ 2 and long wavelength 
deformations of the spinon Fermi surface 21 . 



Before proceeding we note that in the microscopic 
derivation of this action^ the U(l) gauge field a p should 
be taken to be compact. However as in the theory of 
gapless spin liquids with a large number of gapless mat- 
ter fields^ the spinon Fermi surface is expected to supress 
space-time monopole configurations of the gauge field at 
low energies. Therefore we will henceforth take the gauge 
field a M to be non-compact. 

In the 'mean field' approximation we ignore the gauge 
fields but not other interactions. The boson condensation 
transition of action Sb is then in the 31? XY universality 
class. Let us now consider the effect of the interaction 
terms Sbf- The operator O = \b\ 2 can couple to the 
particle-hole continuum of the spinon Fermi surface near 
q = 0. The arguments of Ref. 21 now show that this 
is an irrelevant perturbation at the 3D XY fixed point. 
Integrating out the spinon Fermi surface leads to a per- 
turbation of the formal 

v[ ^\0{q,u)\ 2 (10) 

The operator O has scaling dimension 3— jj at the 3D XY 
fixed point where v is the correlation length exponent. 
Thus v can be seen to irrelevant so long as v > |. This 
inequality is satisfied for the 3D XY model. 

Thus the bosons and spinons are decoupled in the ab- 
sence of gauge interactions. The electron Green's func- 
tion in the Fermi liquid side is then simply given by 

G< m/ ) (K, lo) « | (6) | 2 G(™/) (K, u) (11) 

where G^™ 1 ^ are the electron and spinon Greens func- 
tions within this mean field approximation. This leads 
to a quasiparticle residue Z ~ |(fr)| 2 - Clearly Z vanishes 
on approaching the Mott transition due to the vanishing 
condensate fraction as Z ~ \g — g c \ 2 ^ where (3 is the or- 
der parameter exponent for the 3D XY model. In this 
approximation the quasiparticle effective mass does not 
diverge and stays finite as the transition is approached. 
In Ref. [H we calculated the electron spectral function 
at the critical point and found the scaling form 

Thus in the simple mean field calculation there is a sharp 
critical Fermi surface at which the electron spectral func- 
tion has singularities even though there is no Landau 
quasiparticle. 

Now we consider how these results are modified upon 
including gauge fluctuations. We begin by treating the 
gauge field within the standard Random Phase Approxi- 
mation (RPA). As in other problems with a fermi surface 
coupled to the gauge field this is actually expected to cap- 
ture the exact low energy form of the gauge propagator 
even beyond the RPA. We thus expect that the critical 
properties calculated below are a correct description of 
the low energy physics. We work in the Coulomb gauge 
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so that the ao and the transverse spatial component of 
the gauge field a are decoupled. The ao component is 
screened out by the finite density of spinons, and can 
be integrated out. the effective action for the transverse 
gauge field found by integrating out all matter fields and 
truncating to quadratic order is 



effW 



q,co 



+ X d Q 2 + W^ 2 + C V) \a(q, w)| s 



(13) 

The first two terms come from the spinons and the third 
term from the bosons. The fermion contribution is well 
known and involves the important Landau damping term 
hshd. with fc of order the typical spinon Fermi momen- 
tum. The Xd is the diamagnetic susceptibility of the 
spinons. The the boson contribution is what obtains 
right at the critical point, and reflects the presence of 
a non-zero universal boson conductivity ao at the mean 
field boson fixed point, c is the space-time rescaling fac- 
tor in the boson sector. Away from the critical point this 
boson contribution will be modified (see Section HTT| . 

In the presence of the term we expect that the im- 
portant gauge fluctuations will involve frequencies \u>\ <C 
q. Then in the low \uj\,q limit the gauge action may be 
approximated to 



ffW 



q.uj 



feoH 
vfoq 



+ a cq |a(a»| 2 (14) 



This gives overdamped dynamics for the gauge field. The 
same structure of gauge field dynamics is also encoun- 
tered in the theory of the half-filled Landau levelii and 
we may directly take over many results. First the spinon 
self energy at zero temperature due to interaction with 
this gauge field is given by 



E f (K,iuj) = v 2 F0 



1 



q,n \ - !iJ — 1 + (JnC 
H \ v F0 q u 




Here is the mean field spinon dispersion. We are in- 
terested in this integral for K close to the spinon Fermi 
surface and small ui. From Ref. [13 we have (see also 
Appendix [X| 



Tif(K,iu>) ~ iauiln ( -. — r 



(16) 



with a a non-universal constant. 

The boson self energy due to the interaction with the 
gauge field is also readily evaluated. To leading order the 
(k, ui) dependence of the self energy is given by 



E 6 (Mw)-£fc(0,0) = 



k x q 



q.Q 



feojnj 
VFoq 



a c\q\ 



(17) 



where is the boson propagator at the mean field crit- 
ical point: 



i 



(O 2 +c 2 q 2 ) 



(18) 



Here r\ is the anamolous dimension of the boson field at 
the 3-D XY fixed point. (Sfe(fe = 0, iu> — 0) leads to a 
trivial shift of the location of the critical point and hence 
has been subtracted out). Evaluating the integral we find 



T, b (k,iu) - E 6 (0,0) ~ fc 2 



(19) 



in the limit k — > 0, \uj\ — limit, and is zero if k = 
0, uj — > 0. We see that the gauge interaction only leads 
to an analytic correction to the inverse boson propagator 
and hence does not alter the critical singularities coming 
from the boson self-interaction. 

In fact the gauge coupling does not at all alter the crit- 
ical properties of the bosons. At the mean field critical 
fixed point the bosons have dynamical critical exponent 
1 so that uj and q should scale identically. With that 
scaling the ^ term in the gauge field action scales in the 
same way as a Higgs mass term. This term quenches 
the effects of the gauge fluctuations in the boson sector. 
Thus as far as the boson sector is concerned the critical 
properties are the same as the 31? XY fixed point. 

In contrast in thinking about the effects of the gauge 
fluctuations on the fermions the scaling is different, 
as has been emphasized in various prior treatments of 
the problem of a Fermi surface coupled to a gauge 
fiel d 17 ' 22 i 23 ' 24 i 25 . Consider any definite point on the 
Fermi surface with, say normal along the x direction 
and let the momentum deviation from this point be q = 
(q x , q y ). Then q x scales like the frequency u> but the tan- 
gential momentum scales as g 2 ~ oj. The quadratic scal- 
ing of frequency with the tangential momentum means 
that gauge fluctuations (which from Eqn. [T3] also have 
such quadratic scaling) can couple efficiently by transfer- 
ring tangential momentum to the fermions. 

Thus we have the interesting situation that the bosonic 
sector behaves as it would in the absence of any gauge 
field while the spinon sector is modified (albeit in well 
understood ways) by the gauge field. This enables us to 
reliably analyse the critical point in great detail. 

Note that the argument for the irrelevance of Sbf re- 
mains unmodified even after taking into account the 
modification of the fermion sector by the gauge field. 
This is because even with the gauge field present the two 
particle Greens functions of the spinons at small q retain 
their 'Fermi liquid' form 2 ^, and hence the term in Eqn. 
1101 is unmodified. 

Before proceeding we note one other result we will 
need. The physical electron c a is a product of the bo- 
son and fermion operators. At mean field level the elec- 
tron Green's function is simply a convolution of the bo- 
son and fermion Green's functions. Beyond mean field, 
apart from the self-energies just discussed, we also need 



6 



the correction to the c a — » b + f a vertex from gauge 
fluctuations. In Appendix [B] we show that (at T = 0) 
there is no singular enhancement of this vertex at low 
frequency/momenta near the Fermi surface. Therefore 
we can simply calculate the electron Greens function by 
convolving the boson and fermion Greens functions. 



where kn is the deviation from the Fermi momentum in 
the direction parallel to the normal to the Fermi surface. 
For small p s this gives 



Z 



Vpkn 



(28) 



III. APPROACH FROM THE FERMI LIQUID 

We first consider the approach to the Mott transition 
from the Fermi liquid side. In terms of the b and f a 
this phase is the boson condensate (b) ^ 0. This has the 
immediate effect that the boson contribution to the gauge 
propagator is modified. At the longest wavelengths the 
gauge field acquires a 'Higgs' mass proportional to the 
phase stiffness p s of the condensed boson. In general we 
write 



S, 



eff[ 



fcoM 



XdQ 2 +U b (q,uj,p s ) \a(q,u)\ 



(20) 

where the boson polarizability IT;, satisfies the scaling 
form 



Il b (q,uj,p s 



The universal scaling function P(x) behaves as 



P(x -> 0) 
P(x — > oo) 



1 

x 
1 



(21) 



(22) 
(23) 



The quasiparticle residue Z behaves as 
„ \(b)\ 2 



In— 

Ps 

\g-9i 



h 



(29) 
(30) 



Iff-Scl 



where j3 is the order parameter exponent for the 3-D XY 
model. Thus Z vanishes as the Mott transition is ap- 
proached. The power law dependence on \g — g c \ is al- 
ready obtained within mean field theory; gauge fluctu- 
ations lead to the extra logarithm in the denominator. 
The renormalized Fermi velocity behaves as 



vfo 



1 



h 



(31) 



\g—9c\ 



Thus the quasiparticle effective mass diverges logarith- 
mically on approaching the Mott transition. This diver- 
gence is entirely a fluctuation effect and is absent in a 
mean field treatment. 

In the Fermi liquid the specific heat C v ~ jT, and the 
divergence of the effective mass immediately implies that 



7 



h 



1 



\g-9c\ 



(32) 



The boson phase stiffness p s goes to zero at the transition 
as the inverse correlation length 



l 

I 

\g-g c 



(24) 
(25) 



where v is the correlation length exponent of the 3D XY 
model. 

Repeating the calculation of the fermion self energy in 
Eqn. [T5]with this modified gauge propagator we find (see 
Appendix |A"|) 

T, f (K,iu) = 2iauln— + o{uj 2 ) (26) 

Ps 

Thus the finite gauge field mass p s cuts off the frequency 
dependent logarithm in the self energy that obtains at 
the critical point. The electron Greens function close to 
the Fermi surface is then simply determined to be 



\(b)\' 



iu> (l + 2aln-^j — Ufo^u 



(27) 



close to the transition. 

In the problem of a spinon Fermi surface coupled to 
a gauge field the spin susceptibility on the other hand 
is known not to be enhanced by the gauge interactions. 
Thus xo goes to a finite non-zero constant as the transi- 
tion is approached. (Indeed it continues to a finite non- 
zero value in the insulating spin liquid as well) . In Fermi 
liquid theory 



Xo 



1 



(33) 



Here p ~ J FS ^ is the quasiparticle density of states at 
the Fermi surface and Fq is a Landau parameter. As po 
diverges while xo stays constant we infer that the Landau 
parameter Fq diverges in exactly the same way as the 
effective mass: 



F§ 



ln- 



1 



\g- 9c\ 



(34) 



Next we consider the compressibility n = j 2 - where 
n is the electron density and p is the electron chemical 
potential. This quantity receives contributions from both 
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the bosons and the fermions. 
Larkin composition rule^l: 



Indeed there is an Ioffc- 



IV. THERMODYNAMIC SINGULARITIES AT 
THE CRITICAL POINT 



(35) 



where Kbj are the compressibilities of the boson and 
spinon subsystems. The boson compressibility vanishes 
as the Mott transition is approached in a well known way. 
We have 



Kb 



(36) 



The spinon system on the other hand has a finite non- 
zero compressibility which (like the spin susceptibility) is 
not enhanced by gauge fluctuations. Clearly then the full 
compressibility is dominated by the bosons and vanishes 
at the transition. We have 



1 

I 

\g-9c\ 



(37) 
(38) 



In Fermi liquid theory the compressibility may be writ- 
ten as 



Po 



l + F n S 



(39) 



where Fq is a different Landau parameter. The combina- 
tion of diverging effective mass and vanishing compress- 
ibility implies a strongly diverging Landau parameter: 



F S ~ tit* 



(40) 



We note that the diverging F® implies that the zero sound 
velocity will diverge. 

If we had kept the term of o(lo 2 ) in Eqn. we would 
have found the usual quasiparticle decay rate 7 oc w 2 . 
Including it we find that 



7 ~ -9 



Pi 

eto 2 

1.9 - 9c 



(41) 

(42) 
(43) 



To summarize the approach to the Mott transition 
from the Fermi liquid is characterized by a vanishing Z , 
diverging effective mass, and diverging Fq'" 1 (such that 
the spin susceptibility stays constant and the compress- 
ibility vanishes). We emphasize that even though Z van- 
ishes and the effective mass diverges, Z is not inversely 
proportional to the effective mass (a result that is even 
more strikingly true at the mean field level where there is 
vanishing Z but no mass divergence). This is in striking 
contrast to results from Dynamical Mean Field Theory 
for the Hubbard model in infinite dimensions 28 . 



Now we briefly consider singularities in thermody- 
namic properties right at the Mott critical point. The 
specific heat receives contributions from both the critical 
bosons and the coupled spinon-gauge system. The for- 
mer contribution is well known and goes like T 2 at low-T. 
The spinon-gauge contribution is readily calculated and 
behaves as 



C v ~ Tin 



(44) 



This is therefore the dominant contribution at the critical 
point. 

The compressibility at a non-zero T at the critical 
point is determined by the Ioffe-Larkin rules. The bo- 
son compressibility Kb ~ h while is a temperature 
independent constant. Therefore at low T the boson con- 
tribution dominates and we find 



1 

f 



(45) 



The spin susceptibility is of course determined by the 
spinons and is a T-independent constant at low T. 



V. TRANSPORT 

We now consider the transport properties. We will 
assume that there is some weak disorder which gives some 
non-zero residual resistivity in the metal. In principle if 
the associated elastic mean free path is / the Landau 
damping term in the gauge action will be modified from 
— to \uj\l for q <C 7. We will assume that I is large 
enough so that this modification can be ignored at all 
but the lowest temperatures. With this caveat we now 
consider d.c transport across the Mott transition. 

The resistivity p is again determined by the Ioffe- 
Larkin rule which states that 



P = Pb + Pf 



(46) 



Consider first the residual resistivity at T = (i.e the 
resistivity extrapolated from temperatures higher than 
the low temperature at which the modification of the 
gauge propagator due to disorder must be considered). 
In the Fermi liquid phase the bosons are condensed and 
so pb — 0. We therefore get p = pt. In the Mott insu- 
lator on the other hand pb — 00 and hence p = 00 at it 
must be. Thus the T — conductivity jumps on crossing 
the Mott transition. A similar argument was first used 
by Coleman et. al, 29 to argue that the residual resis- 
tivity jumps at the Kondo breakdown transition of Rcf. 
UU. In the present problem however there is a new inter- 
esting feature associated with the resistivity jump which 
is absent at the Kondo breakdown transition. Consider 
the resistivity right at the quantum critical point. Then 
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from prior studies of the superconductor-insulator tran- 
sition of bosons 3 ^ we know that p b = ™ is non-zero and 
universal. Thus the residual resistivity p cr at the critical 
point is 



Rh 



(47) 



Thus the residual resistivity right at the critical point 
jumps from its value in both the metallic phase (where it 
is pf) and the insulating phase (where it is oo). Further- 
more we see that on approaching from the metallic side 
the jump in the resistivity at the critical point is the uni- 
versal number This remarkable universal resistivity 
jump can be tested in experiments. 

It is instructive to consider the behavior of the con- 
ductivity a — i as we move across the transition. This 
is depicted in Fig. [21 The conductivity jumps twice and 
takes a value at the critical point intermediate between 
that of the metal and the insulator. However clearly nei- 
ther conductivity jump is universal. 

The universal jump in resistivity rather than the con- 
ductivity is closely tied to the Ioffe-Larkin rule. Thus 
observation of the universal resistivity jump can provide 
direct support for the Ioffe-Larkin rule, and hence the 
general correctness of the gauge theoretic description of 
the transition. 

Now lets consider the T dependence of the resistivity 
at the critical point. The spinon conductivity is deter- 
mined by the scattering off the critical gauge fluctuations. 
The calculation of the transport lifetime of the spinons is 
standard and is described in Ref. [22| for the case where 
the w-independent term in the gauge propagator is q 2 
(as opposed to the \q\ that arises in the present prob- 
lem). The transport scattering rate at low temperature 
is thus given by 



Itr 



dui — 

LU 



T z ln I - 



dq- 



uq fJ 



( <r cq 2 \ ' 



(48) 
(49) 



Thus the spinon resistivity will have a T 2 ln (h) depen- 
dence right at the quantum critical point. The boson 
resistivity is only expected to have weak temperature de- 
pendent corrections to its universal T — value so that 
the leading temperature dependence of the total resistiv- 
ity is T 2 with a log correction. 

Finally let us consider the thermal conductivity. In 
the metallic phase the Wiedemann-Franz law is obeyed 
for the residual T — > conductivity so that the thermal 

conductivity K m = La m T where L = ^- (^fO is the 
usual Lorenz number. What happens right at the quan- 
tum critical point? In contrast to electrical transport 
the thermal conductivities of the boson and spinon-gauge 
systems add^ 2 -. The residual thermal conductivity of the 
spinon-gauge system is expected to approximately satisfy 
the Wiedemann-Franz law and be of order K m . However 



in the scaling limit at the critical point the relativistic 
invariance of the boson system implies that the thermal 
conductivity is actually infinite 3 -^. The boson thermal 
conductivity will then be determined by perturbations 
that are formally irrelevant at the critical point. These 
will lead to a large thermal conductivity at low temper- 
ature. Thus we expect that the boson contribution will 
dominate over the spinons, and that the Wiedemann- 
Franz law will be violated at the quantum critical point. 
Low temperature thermal conductivity in the insulating 
phase has been discussed in Ref. [n|> and goes like T 2 / 3 
coming entirely from the spinons. 



VI. CRITICAL FERMI SURFACE 

In Ref. [HI we argued that at a second order Mott tran- 
sition, the Fermi surface will continue to be sharply de- 
fined even though the Landau quasiparticle is absent. We 
dubbed this a 'critical Fermi surface'. We also demon- 
strated the existence of such a critical fermi surface 
within the slave rotor mean field theory of the Mott crit- 
ical point discussed in this paper. Here we show that 
the critical Fermi surface remains sharply defined even 
beyond the mean field approximation. 

To leading order the c a —* b + f a vertex is not sin- 
gularly enhanced by gauge fluctuations. Therefore the 
electron Greens function G c {x,t) is simply the product 
of the boson and spinon Greens functions: 



G c {x,t) = G b (x,T)Gf(x,T) 



(50) 



The electron spectral function A c (K,u>) for real positive 
frequencies is then given by 

A c (K,uj) = J^J^ dnA b (q,n)A f (K - q,u - fV) (51) 

with Abj the boson and spinon spectral functions re- 
spectively. At the critical point of interest these take the 
form 



A b (q,Q) = A 
A f (q,Q) 



e (n 2 - c 2 q 2 ) 

{n 2 -c 2 q 2 )^ 

~2~ 



(52) 
(53) 



The spinon Greens function includes the non-trivial 
self energy that arises from the gauge field interaction. 
A, A, 7 are all non-universal constants. Let us consider a 
momentum K = (Kp + k) x with k small. The spinon is 
at momentum K — q. The spinon energy may be taken 
to be 



e i?_ 9 - ~ v Fo(k - q x ) + Cq 



(54) 



with C related to the curvature of the spinon Fermi sur- 
face. Putting these into Eqn. [5lJ for small \k\,u> the 
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important region of integration involves \q x \ ~ \q y \ ~ 
ft ~ w. Thus we may drop the curvature term Cg 2 in 
the fermion dispersion above. Further at the lowest fre- 
quencies £lln^ S> so that we may drop the imaginary 
part of the spinon self energy compared to its real part. 
Note also that the momentum transfer \q x \ ~ u <C ^ln— 
and hence to leading order we should drop that as well. 
The spinon spectral function can then be replaced with 
a delta function: 



.■1 ,■(<>. K </) ~~ S [m n —-v FO k 



(55) 



The q integrals in eqn. [51] may now be readily performed 
and we find 

A(K, lj) ~ J dfi (u; - ny> 6 (ftln^ - v FQ k^j (56) 

A scaling limit can now be defined with scaling parameter 

"J t ^ . In the limit that k, ui go to zero while keeping this 
parameter constant, we find 



A(K,co) 



-F 



v F0 k 



with the scaling function 



,F(.ri i 1 - 0(x- 1) 



(57) 



(58) 



Thus we conclude that the electron spectral function 
has sharp singularities at the Fermi surface right at the 
critical point even after including gauge fluctuations. 
However the Landau quasiparticle is absent. Thus this 
provides an explicit example of a 'critical Fermi surface' 
at the quantum critical point. 



VII. APPROACH FROM THE INSULATING 
SIDE 

Now we briefly consider approaching the Mott tran- 
sition at T — from the insulating side. First clearly 
there will be a charge gap determined by the boson gap 
A which vanishes as 



(59) 



We emphasize that the charge gap vanishes at the same 
point that the Fermi surface disappears on approaching 
from the metallic side, once again in contrast to results 
in infinite dimension 28 . This was already pointed out at 
the mean field levei^, and continues to be the case after 
including fluctuations. 

The electron spectral function is of course also gapped 
in the Mott insulator. This gap derives from the bo- 
son gap A as the spinon is gapless even in the insu- 
lator. On approaching the transition this single parti- 
cle gap vanishes at the momenta that correspond to the 



Fermi surface of the metallic phase and not at isolated 
momenta. This is exactly as expected for a continuous 
Mott transition^. 

The Mott insulating state is a gapless quantum spin 
liquid with a spinon Fermi surface. This is a non- 
fermi liquid state of the spinons with well understood 



propertie; 



,1001,22.24 



For instance the low-T specific heat 



goes like T 2 / 3 . The proportionality coefficient will van- 
ish as the critical point is approached in a manner that 
is readily determined. In the insulator the gauge prop- 
agator will be given by a form analogous to Eqn. [20] 
except that the p s that appears in the scaling function P 
is replaced by A. At small momenta q the boson polariz- 

ability must go as \. This implies that the T 2 / 3 specific 
heat must have a coefficient D that vanishes as 



D ~ Azln— 
A 



(60) 



VIII. 



CROSSOVER OUT OF CRITIC ALITY: 
MARGINAL FERMI LIQUIDS 



In this section we study in greater detail the crossover 
out of criticality. Consider first the boson sector. On 
moving away from the critical point the crossover out 
of criticality is determined by a single energy scale that 
vanishes at the critical point. On the metallic side this 
scale may be taken to be the boson stiffness p s , and on 
the insulating side the boson gap A. Let us focus on 
the metal. The structure of the gauge propagator Eqn. 
1201 implies that it is modified from the critical point at 

2 

momenta g ~ ^ or a frequency u> ~ Thus the 

frequency scale at which the gauge fluctuations notice 
the Bose condensation is much smaller than the scale 
p s . This can also be seen in the spinon self energy. In 
Appendix [A] we show that this can be written as 



Ef(u;p 8 ) - E/(a>;/9 s = 0) ~ iaujg 



ck \ui\ 



(61) 



where the function g(x) ~ Inx for small x and goes to 
zero for large x. Thus we see that the spinon self energy 
is modified from its critical form at a scale ~ p 2 s much 
smaller than the Bose condensation scale p s . 

What are the properties of the system in the interme- 

2 

diate energy range between p s and -%-? In that regime 
we can treat the bosons as having already condensed. 
However this condensation is not yet felt as a 'Higgs' ef- 
fect by the gauge fields, and hence by the spinons. Thus 
the coupled spinon-gauge system continues to behave as 
it would right at the quantum critical point. The elec- 
tron Greens function in this regime will therefore have 
the same form as Eqn. 1271 but with the p s in the spinon 
self energy replaced by \fuj. Thus we have 



Z 



MFL 



( 1 + aln \b\) ~ v Fok\\ 



(62) 
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with Zmfl = \{b)\ 2 ~ \g — g c \ 2 ^ ■ Remarkably this is 
exactly the same form of the electron Greens function 
postulated in the 'Marginal Fermi Liquid' (MFL) state 
introduced by Varma et ali£ to describe the optimally 
doped cuprates. 

At a non-zero temperature T the two vanishing energy 
scales should manifest themselves as 2 two distinct tem- 
perature scales T* ~ p s and T** ~ that both vanish 
on approaching the transition. The properties are that 
of the quantum critical metal for T » f, that of the 
Marginal Fermi Liquid for T* > T > T**, and that of a 
Landau Fermi liquid for T < T** (see Fig. 0J. 

What are the properties of the marginal Fermi liq- 
uid state? Apart from the electron spectral function de- 
scribed above, it will have a specific heat C(T) ~ Tln^ 
unchanged from the quantum critical regime. This is be- 
cause the specific heat is controlled by the spinon-gauge 
system which is still critical in the MFL. However the 
compressibility (which is dominated by the bosons) will 
be a temperature independent constant ~ |. The spin 
susceptibility will also be constant independent of tem- 
perature. Finally the resistivity will now be dominated 
by the fermions and will extrapolate to a T = value 
equal to just the spinon resistivity. This is again due to 
the Ioffe-Larkin rule. Below the Bose condensation scale 
T* the boson resistivity becomes very small so that the 
spinons give the dominant contribution. 

Thus we see that the temperature scale at which the re- 
sistivity jump becomes evident is T* . On the other hand 
the scale at which the crossover in the specific heat hap- 
pens is T** . The presence of the two energy scales thus 
leads to rich crossover phenomena near this transition. 

Exactly the same considerations describe the insulat- 
ing side as well. The boson gap A is not felt by the 

A 2 

spinon-gauge system till a much lower energy scale 
In the intermediate temperature range the behavior is 
that of a spin liquid insulator with a marginal fermi liq- 
uid of spinons. We will call this a marginal spinon liquid 
to distinguish it from the non-fermi spinon liquid that ob- 
tains at the lowest temperatures. The marginal spinon 
liquid state is an incompressible Mott insulator with gap- 
less spinon excitations at a Fermi surface (just like the 
low temperature spinon liquid of Refs. figlllh . However 
it has a Tiny specific heat. Further the spinon scat- 
tering rate (given by the imaginary part of the spinon 
self energy) will be proportional to T; thus the thermal 
conductivity should behave as ^ ~ In contrast in 
the spinon non-fermi liquid state that obtains at low T 

K 1 
T ~ T 2 / 3 ' 

Thus the primary transition that occurs is between a 
marginal Fermi liquid metal and a marginal spinon liquid 
Mott insulator. Both these states are eventually unsta- 
ble at the lowest energies to the Landau Fermi liquid and 
the non-fermi spinon liquid state respectively. In renor- 
malization group language we may say that the relevant 
flow away from the critical fixed point (say on the metal- 
lic side) leads to a marginal Fermi liquid fixed point. A 
different operator which is irrelevant at the critical fixed 



point is however relevant at the MFL fixed point, and 
that eventually leads to the Landau Fermi liquid fixed 
point. This is the classic instance of a 'dangerously irrel- 
evant' perturbation. Here it corresponds to the coupling 
between the bosons and the spinon-gauge system. 

We note that the scaling hypotheses for the crossover 
out of criticality described in Ref. [TH presumed that the 
relevant flow out of the critical fixed point leads directly 
to the Landau Fermi liquid. As this does not happen in 
the present problem the approach to criticality at T = 
should not be described by the scaling ansatz of Ref. fl5L 
This can be explicitly seen by considering for instance 
the scaling of the specific heat - the crossover scale is T** 
rather than the T* that would obtain if there was simple 
scaling. This feature may be a general limitation of gauge 
theoretic approaches to quantum phase transitions with 
a disappearing Fermi surface. 



IX. CHEMICAL POTENTIAL TUNED MOTT 
TRANSITION 

In this Section we very briefly consider the Mott tran- 
sition that results when the spinon Fermi surface insula- 
tor is turned into a metal by the process of doping, i,e 
by tuning a chemical potential rather than by pressure 
at fixed filling. The results also describe the asymptotic 
critical behavior in the Kondo breakdown transition of a 
Kondo lattice studied in Ref. [r| The Kondo breakdown 
model has in addition to the sheet of the Fermi surface 
undergoing the Mott transition a separate Fermi surface 
sheet that is non-singular through the transition. How- 
ever Paul et al22 have suggested that there may be a small 
but non-zero energy scale E* at the transition such that 
at temperatures above E* these additional sheets of the 
Fermi surface become important. In application to the 
Kondo breakdown model the results of this section only 
pertain to the asymptotic low energy regime T <C E* . 

A field theory appropriate for these transitions takes 
the same form as Eqn. [6] except that the boson action 
becomes non-relativistic. 

S b = [ (fxdrb f 8 T - ia - (V - | b (63) 
J \ 2m b J 

The physical electron operator is given by c a = bf a . 
Many properties of this transition were studied in Ref. 
[HI In particular it was found that the bosons decouple 
from the spinon-gauge system just like at the transition 
at fixed density studied in earlier sections in this paper. 
Furthermore the universal conductivity of the bosons at 
the chemical potential tuned transition is zero. Thus the 
gauge propagator retains the same structure that it has 
in the spin liquid phase itself. The physical properties 
in the quantum critical region are strikingly non-fermi 
liquid like. We will denote this non-fermi liquid NFLi to 
distinguish it from other non-fermi liquid states that ap- 
pear in other regimes (see Fig. @|. The electron Greens 
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function at the critical point was not calculated in Ref. 
[l8l . This is easy to do as once again the c a — > b + f a 
vertex is not singular at low energies so that the elecron 
Greens function may be obtained by convolution. The 
boson Greens function is 



Gb(k,uj) 



k 2 

2m b 



while the spinon Greens function is 



1 



i\sgn(uj)\uj\ 3 



J 



(64) 



(65) 



with A a non- universal constant. We find that there is a 
critical Fermi surface with the exponents a = — l,z = 2. 
The large negative value of a means that there are weak 
singularities at this critical fermi surface. 

Turning to the approach to the Mott transition from 
the Fermi liquid the gauge action now gets modified^ to 



S eff [a] 



+ XdQ 2 +Ps K<7»| 2 (66) 



The divergence of the specific heat coefficient was calcu- 
lated in Ref. LL8L In two dimensions 



1 



1 



7 1 



(67) 



where x is the number density of doped electrons. Cal- 
culating the spinon self energy due to interaction with 



gauge field we find a spinon self energy £ / 



This 



then gives an electron effective mass ~ ^= (in agree- 
ment with the 7 divergence) and an electron quasiparticlc 
residue 



x v Quantum critical / / 
v non-fermi liquid ' 

NFL, 



'1 



\ / 
\ / 



/ Non-fermi liquid 
/ metal 
> NFL 2 ^- 



Mott insulator 



Landau FL 



FIG. 4: Schematic phase diagram showing finite temperature 
crossovers near the filling controlled Mott transition in two 
dimensions. p is the chemical potential. The Mott insulating 
ground state is a spin liquid with a spinon Fermi surface. 
The black dashed line is the crossover scale T* and the red 
dashed line is the crossover scale T** . There are two non- 
fermi liquid regimes near the critical point denoted NFLi and 
NFL2. The former appears right above the quantum critical 
point, and has weak singularities on a critical Fermi surface. 
NFL2 appears between T* and T** on the metallic side and 
has strong singularities at the critical Fermi surface. The 
Landau Fermi liquid obtains only below T". 



T 2 / 3 specific heat, a constant susceptibility, and a con- 
stant compressibility. It crosses over to the Landau Fermi 
liquid at low temperature. The arguments of Ref. I29I 
show that the residual resistivity will jump to zero at 
T = across the metal-insulator transition. At non- 
zero temperatures it is clear from our discussion that 
this jump will become evident across the T* line in the 
metallic phase. 



3 

x 2 



(68) 
(69) 



Once again Z is not inversely proportional to the effective 
mass. The spin susceptibility is again constant through 
the transition so that diverges exactly as the effective 
mass. The boson compressibility diverges logarithmically 
with x and that determines the divergence of Fj. 

Perhaps most interestingly the crossover out of criti- 
cality is again in two stages as with the bandwidth tuned 
transition (see Fig. [3]). At a finite density x the bosons 
condense below an energy scale T* ~ p s but this is not 

felt by the spinon-gauge system till a lower energy scale 

3 

T** ~ pi . In the intermediate energy regime the bosons 
may be treated as condensed but the spinon-gauge sys- 
tem has not yet emerged out of criticality. This leads to 
a genuine non-fermi liquid metal (NFL2 ) with (at T = 0) 
an electron spectral function determined by the spinon 
Greens function (and an overall prefactor oc |(fc)| 2 ). This 
state therefore has strong singularities at the critical 
Fermi surface. This non-fermi liquid metal will have a 



X. EXPERIMENTS 

Apart from its intrinsic theoretical interest the main 
motivation for this paper is to develop an under- 
standing of the pressure tuned Mott transition in k — 
(ET)2Cu2(CN) 3 . In thinking about the experiments we 
first need to dispose of some preliminaries. The theory 
developed in this paper was for a transition from a Fermi 
liquid metal to a Mott insulator with a spinon Fermi sur- 
face in two dimensions. In experiments on the metallic 
side superconductivity appears at low T ~ 5K near the 
Mott transition^. As discussed in the Introduction there 
is evidence that a spin liquid state is indeed realized in 
the Mott insulator. This insulator also apparently has 
gapless spin excitations, thus supporting the proposal of 
Ref. llOlllI that it has a spinon Fermi surface. How- 
ever recent measurements^ of the low temperature spe- 
cific heat have shown it to be linear in T as opposed to 
the T 2 / 3 power law predicted for the spinon non-fermi 
liquid insulator 10,11 . This could be due to a low tem- 
perature instability of the spinon fermi surface stat o 33 i 34 
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that occurs at T ~ 5K and perhaps has the same ori- 
gin as the superconductivity on the metallic side. The 
discussion in this paper applies to the physics above this 
low T instability related to pairing. 

We have thus far ignored the long range part of the 
Coulomb interaction. We can consider its effects by per- 
turbing about the critical theory we have described in 
previous sections. For the boson theory which describes 
the charge sector the long range Coulomb interaction is 
marginal by power counting^. An approximate renor- 
malization group analysis was used to suggest that the 
transition could either be second order or driven first or- 
der by fluctuations depending on parameters^. In the 
former case the Coulomb interaction is marginally irrel- 
evant and will lead to log corrections to the properties 
we have calculated. At any rate we see that a second 
order Mott transition is allowed even after including the 
Coulomb interaction. Further except perhaps at the low- 
est temperatures, the criticality is unchanged from the 
short ranged case discussed in the bulk of the paper. 
Note that in the metallic phase the Coulomb interaction 
will get screened. The screening length will diverge on 
approaching the Mott transition in the same way as ^= 
where k is the compressibility. 

Now let us highlight some features of our results that 
directly bear on current or possible future experiments. 
First we note that even if the transition is second order 
the resistivity will jump. Thus observation of a resistivity 
jump is by itself not evidence of a first order transition. If 
the transition is second order our prediction of a universal 
resistivity jump of order ^(see Fig. [2]) should be observ- 
able. Note that this universal jump is in the in-plane 
sheet resistance of each layer. At non-zero T the jump 
in resistivity will manifest itself as a strong crossover at 
the temperature scale T*: on getting closer to the tran- 
sition the evolution of the resistivity on crossing the T* 
line by varying pressure will get sharper. Other aspects 
of our results at the critical point (such as Tln^ specific 
heat and the Wiedemann-Franz violation) should also be 
observable. 

It should also be interesting to map out the finite T 
crossovers depicted in Fig. [31 On the insulating side 
the crossover scale T* ~ A the charge gap. The lower 

* 2 

crossover temperature T** will then be of order The 

boson velocity c can be roughly estimated as in a 

Hubbard model description with a the lattice parameter. 
As kn ~ - we estimate 

u a 

A 2 

T** « -== (70) 
VUi 

It is at present not clear from experiments precisely how 
big the charge gap is even at ambient pressure but it 
seems likelyA 2 that it is much smaller than t and U. 
Thus even for the ambient pressure material T** may 
be much smaller than T*. It is interesting to consider 
the possibility (which will certainly be realized close to 
the transition) that the low T instability discussed above 



occurs at a scale comparable to T**. Then the crossover 
to the spinon non-fermi liquid insulator will not be ob- 
served, and much of the finite-T physics will be that of 
the marginal spinon liquid state with properties as dis- 
cussed in Section [Villi 

The crossovers in the metallic side are perhaps of even 
greater interest. The presence of an intermediate temper- 
ature state close to the Mott boundary raises the possi- 
bility that the metallic state above the superconducting 
transition is actually a marginal Fermi liquid and not a 
true Landau fermi liquid. Direct measurements of the 
single particle spectrum (perhaps by tunneling) will be 
thus be very useful. 



XI. DISCUSSION 

In this paper we have developed a theory of a contin- 
uous Mott transition between a Fermi liquid and a para- 
magnetic Mott insulator with a spinon Fermi surface. As 
such this provides a valuable example of a quantum crit- 
ical point where a Fermi surface disappears. Before con- 
cluding it is instructive to place our results in a more gen- 
eral context of phase transitions involving the disappear- 
ance of a fermi surface. Such transitions were discussed 
from a general scaling point of view recently in Ref. [l5|. 
First we see that this Mott critical point provides a con- 
crete example of a sharp critical Fermi surface with no 
Landau quasiparticle. The scaling exponents at this sur- 
face are independent of position on the Fermi surface. 
Even more importantly we found that the primary tran- 
sition was not actually between the Fermi liquid state and 
the spinon Fermi surface ground state but rather between 
a marginal Fermi liquid state and its spinon counterpart. 
Thus universal scaling functions for the initial crossover 
out of criticality will only capture these marginal liquid 
phases. The physics of the Landau Fermi liquid metal is 
not obtained without accounting for the second crossover 
at a lower energy scale. Perhaps this is a feature of all 
slave particle approaches to such problems. 

The slave particle approach is of course well suited to 
the particular transition studied in this paper (where the 
insulating state was a deconfincd spin liquid). But there 
are other continuous phase transitions associated with 
the disappearance of a fermi surface where both phases 
are conventional. It is hardly clear that slave particle 
approaches are the way forward for such transitions. The 
scaling approach we developed in Ref. [H might provide 
guidance in searching for suitable alternate theoretical 
approaches. 
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[IT] but with 2 boson species is being studied by R. Kaul, 
S. Sachdev, and C. Xv*2& in a different context. They 
conclude, as I do, that the criticality of the boson sector 
is unaffected by the gauge fluctuations. 



boson. Let (K,Kf,kb) be the momenta of the electron, 
the spinon and the boson respectively and (u>, ujf,u)b) the 
corresponding frequencies. The vertex may be written 



APPENDIX A: CALCULATION OF SPINON 
SELF ENERGY 

First consider Eqn. [15] for the spinon self energy at 
the critical point. In evaluating that integral we observe 
that due to the structure of the spinon propagator the 
important region of q x , q y has q x ~ q y . This implies that 
I ga| ^ \% so that the q x can be ignored compared to 
q y in the gauge propagator. The q x integral can now be 
done, and we get 



Ey( W ) = 



ivfq 
2ir 



sgn[u) — 0) 



Q,,q y 



ko\n\ 



(Al) 



VoC\q y \ 



The q y integral is divergent in the ultraviolet. Imposing 
a cut-off A we find (for small f2) 



VVfq 
At: 2 (7qc 



( sgn(u> - 0,)ln^r (A2) 



The Q integral can now be done and yields the result 
quoted in Eqn. [16] 

Now consider the spinon self energy at low frequencies 
in the metallic phase. The necessary modification to the 
gauge propagator was discussed in Section IIIII The self 
energy is then given by Eqn. IA1I but with the modified 
gauge propagator. The infrared cutoff for the q y inte- 
gral is now set by ~ p 2 rather than fL Thus we get 
Eqn. [16] but with p 2 replacing u for the argument of the 
logarithm. 

Finally it is convenient to calculate the difference 
Tif{uj;p s ) — Y.f(uj;p s = 0). The advantage is that the 
q y integral that enters this quantity is both ultraviolet 
and infrared convergent. So we can scale q y — yp s and 
write the answer in the form 



Y,f(uj\p s ) - S/(w;p s = 0) 



I I sgn{oj — Q)g . 
In V Ps 



ck \u>\ 



lauig 



ck \uj\ 



Thus the crossover from the critical spinon self energy to 
one characteristic of the Fermi liquid phase happens at 
an energy scale ~ p 2 s . 



APPENDIX B: 



CALCULATION OF ELECTRON 
VERTEX 



Here we consider the correction to the c a — > b + f a 
vertex at T — coming from the exchange of one gauge 



V (jZ, Kf,k b ;uj,ujf,uJi)j S(K - K f - k b )5(uj - luj - uj b ) 

(Bl) 

In the absence of the gauge field V = 1 . The correction 
V\ due to exchange of one gauge boson is 



Q,£2 



v F .Kb - (vF-q) (j(b-<l)j 



xV(q,n)g f (K f -q,uj f -n) 

*Gb(K b + q,uj b + fi) 



where V is the gauge propagator, and GbJ are the spinon 
and boson propagators, vp is a vector normal to the 
Fermi surface and of magnitude vfq- For small K b we will 
show that V\ ~ K b - A with A finite as all the other small 
external momenta and frequencies go to zero. To that 
end let us examine the integral that determines A from 
the equation for V\ above. We choose Kf = KfX,uif = 0. 
Then 



A ~ / (v F - (v F .q)q) 
Jq.n 

xV(q,n)g f (K f -q,-Q.) 

xg b (+q,n) 



As in the calculation of the self energy above due to the 
presence of the spinon Fermi surface the important q re- 
gion has q x ~ q 2 so that \q x \ <C |<7 y |. Then q is nearly 
perpendicular to v"f so that (vp — (vf-Q)q) can be re- 
placed by vp so that A points along St. Further we may 
replace |g| in the boson and gauge propagators by \q y \. 
Then we may do the q x integral to get 



A, 



sgn(—Cl) 



1 



.(/„ 



fco|n| 

\ly\ 



c 2 q 2 ) 



<roc\q y \ J (( Wfc + fi) 2 

" (B2) 

Clearly A x {ojb = 0) = 0. For small uib the integrals can 
be evaluated to show that A x ~ isgn(<jjb)\u)b\ n ' ■ Thus the 
vertex correction V± ~ k b .A goes to zero for small boson 
momenta and can be ignored in the scaling limit. 
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